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CONTACT (+1)-SURGERIES ALONG LEGENDRIAN TWO-COMPONENT
LINKS
FAN DING, YOULIN LI AND ZHONGTAO WU
ABSTRACT. In this paper, we study contact surgeries along Legendrian links in the stan-
dard contact 3-sphere. On one hand, we use algebraic methods to prove the vanishing
of the contact Ozsva´th-Szabo´ invariant for contact (+1)-surgery along certain Legendrian
two-component links. The main tool is a link surgery formula for Heegaard Floer homol-
ogy developed by Manolescu and Ozsva´th. On the other hand, we use contact-geometric
argument to show the overtwistedness of the contact 3-manifolds obtained by contact (+1)-
surgeries along Legendrian two-component links whose two components are linked in some
special configurations.
1. INTRODUCTION
A contact structure ξ on a smooth oriented 3-manifold Y is a smooth tangent 2-plane field
ξ such that any smooth 1-form α locally defining ξ as ξ = kerα satisfies the condition
α ∧ dα > 0. A contact structure ξ is coorientable if and only if there is a global 1-form
α with ξ = kerα. Throughout this paper, we will assume our 3-manifolds are oriented,
connected and our contact structures are cooriented. A contact structure ξ on Y is called
overtwisted if one can find an embedded disc D in Y such that the tangent plane field of
D along its boundary coincides with ξ; otherwise, it is called tight. Any closed oriented
3-manifold admits an overtwisted contact structure (cf. [7]). It is much harder to find tight
contact structures on a closed oriented 3-manifold. The following question is still open:
Which closed oriented 3-manifolds admit tight contact structures?
One way of obtaining new contact manifolds from the existing one is through contact
surgery. Suppose L is a Legendrian knot in a contact 3-manifold (Y, ξ), i.e., L is tangent
to the given contact structure ξ on Y . Contact surgery is a version of Dehn surgery that is
adapted to the contact category. Roughly speaking, we delete a tubular neighborhood of L,
then reglue it, and obtain a contact structure on the surgered manifold by extending ξ from
the complement of the tubular neighborhood of L to a tight contact structure on the reglued
solid torus (see [3] for details). In [3], the first author and Geiges proved that every closed
contact 3-manifold (Y, ξ) can be obtained by contact (±1)-surgery along a Legendrian link
in (S3, ξstd), where ξstd denotes the standard contact structure on S
3.
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Many tools have been developed to detect tightness, including an invariant c(Y, ξ) ∈
ĤF (−Y ) in Heegaard Floer theory for closed contact 3-manifolds (Y, ξ). We call it the
contact Ozsva´th-Szabo´ invariant, or simply the contact invariant of (Y, ξ). It is shown that
c(Y, ξ) = 0 if (Y, ξ) is overtwisted [25], and c(Y, ξ) 6= 0 if (Y, ξ) is strongly symplectically
fillable [8].
It is natural to ask whether the contact invariant of a contact 3-manifold obtained by contact
surgery along a Legendrian link is trivial or not. All known results concern contact surgeries
along Legendrian knots. In [15], Lisca and Stipsicz showed that contact 1
n
-surgeries along
certain Legendrian knots in (S3, ξstd) yield contact 3-manifolds with nonvanishing contact
invariants for any positive integer n. In [9], Golla considered contact 3-manifolds obtained
from (S3, ξstd) by contact n-surgeries along Legendrian knots, where n is any positive
integer. He gave a necessary and sufficient condition for the contact invariant of such a
contact 3-manifold to be nonvanishing. In [20], Mark and Tosun extended Golla’s result to
contact r-surgeries, where r > 0 is rational.
To go further along this line of investigation, we study contact (+1)-surgeries along Leg-
endrian two-component links in (S3, ξstd) in this paper. Here, contact (+1)-surgery along
a Legendrian link means contact (+1)-surgery along each component of the Legendrian
link. One of our main results below (Theorem 1.1) can be viewed as a first step towards our
ultimate goal of obtaining a necessary and sufficient condition for contact (+1)-surgery on
a link to yield a manifold with nonvanishing contact Ozsva´th-Szabo´ invariant.
Theorem 1.1. Suppose L = L1 ∪ L2 is a Legendrian two-component link in the standard
contact 3-sphere (S3, ξstd) whose two components have nonzero linking number. Assume
L2 satisfies ν
+(L2) = ν
+(L2) = 0, where L2 denotes the mirror of L2. Then contact (+1)-
surgery on (S3, ξstd) along L yields a contact 3-manifold with vanishing contact invariant.
The main tool for proving this theorem is a link surgery formula for the Heegaard Floer
homology of integral surgeries on links developed by Manolescu and Ozsva´th [19]. Here,
ν+ is a numerical invariant defined by Hom and the third author in [12] based on work of
Rasmussen [30]. It is shown in [10, Proposition 3.11] that a knot K satisfies the condition
ν+(K) = ν+(K) = 0 if and only if we have a filtered chain homotopy equivalence
(1.1) CFK∞(K) ≃ CFK∞(U)⊕ A
where U denotes the unknot and A is acyclic, i.e., H∗(A) = 0. In particular, such a knot
must have τ(K) = 0. Applying (1.1) enables us to treat K effectively like the unknot in
the proof of Theorem 1.1.
Below, we list some interesting families of knots that satisfy the condition
ν+(K) = ν+(K) = 0
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of Theorem 1.1.
Example 1.2. (1) The most basic examples are the slice knots.
We are particularly interested in Legendrian slice knots with Thurston-Bennequin
invariant−1, as contact (+1)-surgeries along these knots result in contact 3-manifolds
with nonvanishing contact invariants [9]. Nontrivial knot types of smoothly slice
knots with at most 10 crossings that have Legendrian representatives with Thurston-
Bennequin invariant −1 are 946 (the mirror of 946) and 10140 [2]. In Figures 1
and 2 below, we show a couple of Legendrian two-component links in (S3, ξstd)
that include a Lengendrian unknot and a Legendrian knot of type 946, respectively.
Note that one obtains nonvanishing contact invariant after performing contact (+1)-
surgery along each knot component of the depicted links. On the other hand, The-
orem 1.1 implies that contact (+1)-surgeries along these links result in contact
3-manifolds with vanishing contact invariants.
+1
+1
FIGURE 1. The upper component is a Legendrian unknot with Thurston-
Bennequin invariant −1.
+1 +1
···
FIGURE 2. The right component of the link is a Legendrian knot of type
946 with Thurston-Bennequin invariant−1 and rotation number 0. The right
figure is a Legendrian tangle.
As pointed out by the referee, if we replace the dashed circled area of the front
projection diagram of the Legendrian 946 by the right tangles in Figure 2, then we
can obtain infinitely many prime Legendrian slice knots with Thurston-Bennequin
invariant −1. Alternatively, as tb(L1♯L2) = tb(L1) + tb(L2) + 1, where L1♯L2
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denotes the Legendrian connected sum [6], we can obtain infinitely many composite
Legendrian slice knots with Thurston-Bennequin invariant −1. In either case, we
can create infinitely families of examples similar to Figures 1 and 2 using those
Legendrian slice knots.
(2) More generally, all rationally slice knots satisfy ν+(K) = ν+(K) = 0 [13, Theo-
rem 1.4].
Recall that a knot K ⊂ S3 is rationally slice if there exists an embedded disk D in
a rational homology 4-ball V such that ∂(V,D) = (S3, K). Examples of rationally
slice knots include strongly− amphicheiral knots and Miyazaki knots, i.e., fibered,
− amphicheiral knots with irreducible Alexander polynomial [13]. In particular,
the figure-eight knot is rationally slice but not slice.
Example 1.3. Let L = L1 ∪ L2 be a Legendrian link in (S
3, ξstd). Suppose L2 is a Legen-
drian unknot with tb(L2) = −1, and L2 is a meridional curve of L1. Then, by Theorem 1.1,
contact (+1)-surgery along L yields a contact structure ξL on S
3 with vanishing contact in-
variant. Hence by the classification of tight contact structures on S3 [4] and c(S3, ξstd) 6= 0,
the contact 3-manifold (S3, ξL) is overtwisted.
In the special case of Theorem 1.1 where L2 is a Legendrian unknot with tb(L2) = −1,
contact (+1)-surgery on (S3, ξstd) along L2 yields the unique (up to isotopy) tight contact
structure ξt on S
1 × S2. Hence, in this case, we may interpret the theorem as a result of
contact (+1)-surgery along a Legendrian knot in (S1 × S2, ξt). More generally, we have
the following corollary.
Corollary 1.4. Suppose L is a Legendrian knot in ♯k(S1 × S2, ξt), the contact connected
sum of k copies of (S1 × S2, ξt). If L is not null-homologous, then contact
1
n
-surgery on
♯k(S1 × S2, ξt) along L yields a contact 3-manifold with vanishing contact invariant for
any positive integer n.
We also consider contact (+1)-surgeries along Legendrian two-component links in (S3, ξstd)
whose two components have zero linking number. Unlike the nonzero linking number case,
there are numerous instances for which the contact invariant is nonvanishing even if one of
the components of the surgered link is the unknot. For example, (+1)-surgery along the
Legendrian two-component unlink with Thurston-Bennequin invariant−1 for both compo-
nents yields ♯2(S1 × S2, ξt). Another more interesting example comes from contact (+1)-
surgery along the Legendrian two-component link as depicted in Figure 3. The resulting
contact 3-manifold has nonvanishing contact invariant by [22, Exercise 12.2.8(c)].
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+1
+1
FIGURE 3. The lower component is a Legendrian right handed trefoil with
Thurston-Bennequin invariant 1 and rotation number 0.
Thus, we expect that analogous results to Theorem 1.1 for the linking number 0 case are
likely more difficult to obtain. Instead, we will first study some special cases in our pa-
per, namely contact (+1)-surgeries along Legendrian Whitehead links. To the best of our
knowledge, the contact invariants or tightness of such manifolds have not been explicitly
given in the literature.
Proposition 1.5. Contact (+1)-surgery on (S3, ξstd) along a Legendrian Whitehead link
yields a contact 3-manifold with vanishing contact invariant.
In light of the above vanishing results in Theorem 1.1 and Proposition 1.5, one may won-
der whether the contact manifolds studied there are tight or not. As far as we know, this
question is wide open even for contact (+1)-surgeries along Legendrian knots. Two suffi-
cient conditions for contact (+1)-surgeries along Legendrian knots to be overtwisted were
given by O¨zbag˘ci in [21] and by Lisca and Stipsicz in [17, Theorem 1.1]. We come up
with the following sufficient condition for contact (+1)-surgeries along Legendrian two-
component links yielding overtwisted contact 3-manifolds. Note that this theorem is irrel-
evant to the linking number of the two components of the Legendrian link along which we
perform contact (+1)-surgery. It is inspired by the work of Baker and Onaran [1, Proposi-
tion 4.1.10].
Theorem 1.6. Suppose there exists a front projection of a Legendrian two-component link
L = L1 ∪ L2 in the standard contact 3-sphere (S
3, ξstd) that contains one of the config-
urations exhibited in Figure 4, then contact (+1)-surgery on (S3, ξstd) along L yields an
overtwisted contact 3-manifold.
As an application, we will show in Examples 6.3 and 6.5 that contact (+1)-surgeries along
the Legendrian links in Figures 1 and 2 actually yield overtwisted contact 3-manifolds.
The remainder of this paper is organized as follows. In Section 2, we review basic prop-
erties of the contact invariant. We also reformulate the statement of Golla concerning the
conditions under which contact (+1)-surgery along a Legendrian knot yields a contact
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L1
L2
(a)
L1
L2
(b)
L1
L2
(c)
L1
L2
(d)
FIGURE 4. Four configurations in a front projection of a Legendrian two-
component link L.
3-manifold with nonvanishing contact invariant. In Section 3, we go through the construc-
tion of the link surgery formula of Manolescu and Ozsva´th in the special case of two-
components links. We elaborate on the E1 page of an associated spectral sequence and
identify the relevant maps in the differential ∂1 with the well-known vˆ and hˆ in the knot
surgery formula of Ozsva´th and Szabo´ [27]. In Section 4, we analyze the E1 page and give
a proof of Theorem 1.1 based on diagram chasing. This idea is partly inspired by the work
of Mark-Tosun [20] and Hom-Lidman [11], and also constitutes the most novel part of our
paper. Due to some technical issues, the above argument does not apply to the linking
number 0 case, so in Section 5, we use a different machinery in Heegaard Floer homology,
namely the grading, to prove Proposition 1.5. Finally, we prove Theorem 1.6 in Section
6. Applying Legendrian Reidemeister moves, we obtain more examples of overtwisted
contact (+1)-surgery in Corollary 6.4.
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2. PRELIMINARIES ON CONTACT INVARIANTS
We briefly review backgrounds in Heegaard Floer homology and the contact invariant in
this section. Throughout this paper, we work with Heegaard Floer homology with coef-
ficients in F = Z/2Z. Heegaard Floer theory associates an abelian group ĤF (Y, t) to a
closed, oriented Spinc 3-manifold (Y, t), and a homomorphism
FW,s : ĤF (Y1, t1)→ ĤF (Y2, t2)
to a Spinc cobordism (W, s) between two Spinc 3-manifolds (Y1, t1) and (Y2, t2). Write
ĤF (Y ) for the direct sum ⊕tĤF (Y, t) over all Spin
c structures t on Y and FW for the
sum
∑
s
FW,s over all Spin
c structures s on W . In [25], Ozsva´th and Szabo´ introduced an
invariant c(Y, ξ) ∈ ĤF (−Y ) for closed contact 3-manifold (Y, ξ). If the contact manifold
(YK , ξK) is obtained from (Y, ξ) by contact (+1)-surgery along a Legendrian knotK, then
we have
(2.2) F−W (c(Y, ξ)) = c(YK , ξK),
where−W stands for the cobordism induced by the surgery with reversed orientation. This
functorial property of the contact invariant can be proved by an adaption of [25, Theorem
4.2] (cf. [16, Theorem 2.3]).
Next, suppose L = L1 ∪ L2 is an oriented Legendrian two-component link in (S
3, ξstd),
and the linking number of L1 and L2 is l. The resulting contact (+1)-surgery along L is
denoted by (S3Λ(L), ξL), where
Λ =
(
tb(L1) + 1 l
l tb(L2) + 1
)
is the topological surgery framing matrix. Let W be the cobordism from S3 to S3Λ(L)
induced by this surgery, and −W beW with reversed orientation. This gives a map
F−W : ĤF (S
3)→ ĤF (S3−Λ(L)).
In particular, the contact invariants
c(S3, ξstd) ∈ ĤF (−S
3) = ĤF (S3)
and
c(S3Λ(L), ξL) ∈ ĤF (−S
3
Λ(L)) = ĤF (S
3
−Λ(L))
are related by
(2.3) F−W (c(S
3, ξstd)) = c(S
3
Λ(L), ξL).
from the functoriality (2.2) and the composition law [26, Theorem 3.4].
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In [9], Golla investigated the contact invariant of a contact manifold given by contact
surgery along a Legendrian knot in (S3, ξstd). In particular, by [9, Theorem 1.1], the con-
tact 3-manifold obtained by contact (+1)-surgery along the Legendrian knot Li (i = 1, 2)
in (S3, ξstd) has nonvanishing contact invariant if and only if Li satisfies the following three
conditions:
(2.4) tb(Li) = 2τ(Li)− 1,
(2.5) rot(Li) = 0,
(2.6) τ(Li) = ν(Li).
Hence, if either L1 or L2 does not satisfy one of these three conditions, then it follows
readily from the functoriality (2.2) that the contact invariant c(S3Λ(L), ξL) must vanish as
well.
Remark 2.1. There exists a two-component link such that the knot type of each component
has a Legendrian representative satisfying the above three conditions, but the link type
of this two-component link has no Legendrian representative with both two components
satisfying the above three conditions simultaneously [5, Section 5.6].
3. LINK SURGERY FORMULA FOR TWO-COMPONENT LINKS
In this section, we recall the link surgery formula for two-component links developed in
[19]. The link surgery formula given by Manolescu and Ozsva´th is a generalization of
the knot surgery formula given by Ozsva´th and Szabo´ [27][28]. The idea is to compute
the Heegaard Floer homology of a 3-manifold obtained by surgery along a knot in terms
of a mapping cone construction, and more generally surgery along a link in terms of the
hyperbox of the link surgery complex. In addition, the cobordism map F−W is realized as
the induced map of the inclusion of complexes in the system of hyperboxes [19, Theorem
14.3].
We go over the construction for two-component links. Suppose L is an oriented link with
two componentsK1 andK2, and the linking number ofK1 andK2 is l. Given the topolog-
ical surgery framing matrix
Λ =
(
p1 l
l p2
)
,
we will see the computation of ĤF (S3Λ(L)).
LetH(L)i =
l
2
+Z, i = 1, 2.Define the affine latticeH(L) overH1(S
3−L) ∼= Z2 by
H(L) = H(L)1 ⊕H(L)2.
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Here we identify H1(S
3 − L) with Z2 using the oriented meridians of the components as
the generators. The elements of H(L) correspond to Spinc structures on S3 relative to L.
Also, let
H(Ki) = Z; H(∅) = {0}.
The elements of H(Ki) correspond to Spin
c structures on S3 relative to Ki for i = 1, 2,
while 0 ∈ H(∅) corresponds to the unique Spinc structure on S3. Furthermore, let+Ki and
−Ki represent the component Ki of L with the induced and opposite orientation, respec-
tively. ForM = ǫ1K1 or ǫ2K2, where ǫi is + or − for i = 1, 2, define
ψM : H(L) −→ H(L−M)
s = (s1, s2) 7−→ sj −
lk(+Kj ,M)
2
,
where +Kj = L−M denotes the component of L other thanM . We also define
ψǫ1K1∪ǫ2K2 : H(L) −→ H(∅)
s 7−→ 0.
Now we consider Spinc structures on S3Λ(L). Let H(L,Λ) be the (possibly degenerate)
sublattice of Z2 generated by the two columns Λ1 and Λ2 of Λ. We denote the quotient
of s ∈ H(L) in H(L)/H(L,Λ) by [s]. For any u ∈ Spinc(S3Λ(L)), there is a standard
way of associating an element [s] ∈ H(L)/H(L,Λ). This gives an identification of the set
H(L)/H(L,Λ) with Spinc(S3Λ(L)).
For any s ∈ H(L), and any choice of ǫ1, ǫ2 ∈ {±}, there is a square of chain com-
plexes:
Aˆ(HK1, ψǫ2K2(s))
Φ
ǫ1K1
ψǫ2K2 (s)
// Aˆ(H∅, ψǫ1K1∪ǫ2K2(s))
Aˆ(HL, s)
Φ
ǫ1K1
s
//
Φ
ǫ2K2
s
OO
Φ
ǫ1K1∪ǫ2K2
s
44
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
Aˆ(HK2, ψǫ1K1(s))
Φ
ǫ2K2
ψǫ1K1 (s)
OO
Here, Aˆ(HL, s), Aˆ(HK1, ψǫ2K2(s)), Aˆ(HK2, ψǫ1K1(s)), and Aˆ(H∅, ψǫ1K1∪ǫ2K2(s)) are gen-
eralized Floer complexes that can be determined from a given Heegaard diagram of the link
L. The edge maps Φ’s between these generalized Floer complexes are defined by counting
holomorphic polygons with certain properties in the Heegaard diagram. The diagonal map
Φǫ1K1∪ǫ2K2s is a chain homotopy equivalence betweenΦ
ǫ2K2
ψǫ1K1(s)
◦Φǫ1K1s andΦ
ǫ1K1
ψǫ2K2 (s)
◦Φǫ2K2s .
This is a unified expression of the four squares in [18, Page 20].
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Following the notations of [19, Sections 4], we denote
C00s = Aˆ(H
L, s), C10s = Aˆ(H
K2 , ψ+K1(s)),
C01s = Aˆ(H
K1 , ψ+K2(s)), C11s = Aˆ(H
∅, ψ+K1∪+K2(s)).
Fix u ∈ Spinc(S3Λ(L)). The link surgery formula for two-component links is a hyperbox of
complexes (Cˆ, Dˆ, u) shown as follow:
∏
s∈H(L),[s]=u
C01s
//
∏
s∈H(L),[s]=u
C11s
∏
s∈H(L),[s]=u
C00s
//
OO
66
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧
❧ ∏
s∈H(L),[s]=u
C10s
OO
Here, the horizontal arrows consist of maps of the form Φǫ1K1s or Φ
ǫ1K1
ψǫ2K2 (s)
, the vertical
arrows of maps Φǫ2K2s or Φ
ǫ2K2
ψǫ1K1 (s)
, and the diagonal of maps Φǫ1K1∪ǫ2K2s . The value of s
in the targets of each map are shifted by an amount depending on the type of map and the
framing Λ: whenever we have a negatively oriented component −Ki in the superscript of
a map Φs, we add the vector Λi to s. So, for example, the maps Φ
−K1
s and Φ
−K2
s shift s
by (p1, l) and (l, p2), respectively, and Φ
−K1∪−K2
s shifts s by (p1 + l, l + p2). We refer the
reader to [19, Sections 4, 5, 8 and 9], [14, Section 2], or [18, Section 4] for details.
In Figure 5, we exhibit a more concrete representation of (Cˆ, Dˆ, u) for which a square is
drawn at the lattice point s = (s1, s2) with [s] = u, and the complexes C
00
s , C
01
s , C
10
s and
C11s are placed at the lower left, the upper left, the lower right and the upper right corner
of the square, respectively. Note that while Φ+K1s and Φ
+K2
s stay at the original lattice
point, Φ−K1s and Φ
−K2
s map to the complexes at the lattice points (s1 + p1, s2 + l) and
(s1 + l, s2 + p2), respectively.
It is often convenient to study (Cˆ, Dˆ, u) by introducing a filtration and consider the associ-
ated spectral sequence. Here, we define the filtrationF(x) to be the number of components
of L′ ⊂ L if x ∈ Aˆ(HL
′
). Thus, the complex at the lower left corner of each square has
filtration level 2; the complex at the lower right or the upper left corner of each square has
filtration level 1; and the complex at the upper right corner of each square has filtration
level 0. Since the largest difference in the filtration levels is 2, the kth differential in the
spectral sequence, ∂k, mush vanish for k > 2. According to [14, Section 3], the associated
spectral sequence has
E0 = (Cˆ, ∂0),
E1 = (H∗(Cˆ, ∂0), ∂1),
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Φ+K1s
Φ−K2s
Φ+K2s
Φ−K1s
Φ−K1−K2s
Φ−K1+K2s
Φ+K1−K2s
Φ+K1+K2s
(s1, s2)
(s1 − 1, s2)
(s1 − 3, s2 − 1)
(s1 − 2, s2 − 1)
FIGURE 5. Four squares of a hyperbox of chain complexes and maps be-
tween them. The surgery framing matrix is
(
−2 −1
−1 0
)
.
and
ĤF (S3Λ(L), u) = E∞ = H∗(E2) = H∗(H∗(H∗(Cˆ, ∂0), ∂1), ∂2).
Let us explain the E1 page of the surgery chain complex in greater detail. Figure 6 exhibits
a typical example of an E1 page associated to a 2-dimensional hyperbox (Cˆ, Dˆ, u). Ob-
serve that ∂0 is the internal differential of each generalized Floer complex. Hence we have
H∗(Aˆ(H
L, s)) at the lower left corner of the square at the lattice point s = (s1, s2), which
turns out to be isomorphic to ĤF of a large surgery along L in a certain Spinc structure.
Similarly,H∗(Aˆ(H
K1 , ψ+K2(s))) at the upper left corner andH∗(Aˆ(H
K2 , ψ+K1(s))) at the
lower right corner of each square are isomorphic to ĤF of large surgeries alongK1 andK2
in certain Spinc structures, respectively; and H∗(Aˆ(H
∅, ψ+K1∪+K2(s))) at the upper right
corner of each square is isomorphic to ĤF (S3).
Next, we consider the differential ∂1. For i = 1, 2, let φ
ǫiKi
s be the homomorphism induced
from ΦǫiKis . Let φ
ǫ1K1
ψ+K2 (s)
and φǫ2K2
ψ+K1(s)
be the homomorphisms induced from Φǫ1K1
ψ+K2 (s)
and
Φǫ2K2
ψ+K1 (s)
, respectively. Then ∂1 consists of a collection of short edge maps φ
+K1 and φ+K2
that stay at the original lattice point, and another collection of long edge maps φ−K1 and
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b1
b2
c
(s1, s2 + 1)
(s1, s2)
(s1, s2 − 1)
(s1 − 1, s2) (s1 + 1, s2)
φ−K1
ψ+K2 (s)
φ+K1
ψ+K2 (s)
φ−K2
ψ+K1 (s)
φ+K2
ψ+K1 (s)
FIGURE 6. Part of an E1 page for the surgery framing matrix
(
0 −1
−1 0
)
φ−K2 that shift the position by the vectors (p1, l) and (l, p2), respectively. The most relevant
maps for our purposes are the ones that map into the homologyH∗(Aˆ(H
∅, ψ+K1∪+K2(s)))
at the upper right corner of each square. If we let N be a sufficiently large integer, then
under the above identification ofH∗(Cˆ, ∂0) with Heegaard Floer homology of large integer
surgeries, we can identify the short edge map initiated from the upper left corner as
φ+K1
ψ+K2 (s)
: ĤF (S3N(K1), s1 −
l
2
)→ ĤF (S3),
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the long edge map initiated from the upper left corner as
φ−K1
ψ+K2 (s)
: ĤF (S3N(K1), s1 −
l
2
)→ ĤF (S3),
the short edge map initiated from the lower right corner as
φ+K2
ψ+K1 (s)
: ĤF (S3N(K2), s2 −
l
2
)→ ĤF (S3),
and the long edge map initiated from the lower right corner as
φ−K2
ψ+K1 (s)
: ĤF (S3N(K2), s2 −
l
2
)→ ĤF (S3),
Note that the targets ĤF (S3) of the first two maps are H∗(Aˆ(H
∅, ψ+K1∪+K2(s))) and
H∗(Aˆ(H
∅, ψ−K1∪+K2(s))), respectively, and the targets ĤF (S3) of the last two maps are
H∗(Aˆ(H
∅, ψ+K1∪+K2(s))) and H∗(Aˆ(H
∅, ψ+K1∪−K2(s))), respectively. According to [19,
Theorem 14.3], the pi-surgery on S
3 along Ki, i = 1, 2, corresponds to a 1-dimensional
subcomplex in the 2-dimensional hyperbox (Cˆ, Dˆ, u). Thus, by [19, Remark 3.23], the
maps φ+K1
ψ+K2 (s)
and φ−K1
ψ+K2 (s)
are equivalent to the vertical and horizontalmaps vˆK1 and hˆK1
defined in [27], respectively. The same thing holds for φ+K2
ψ+K1 (s)
and φ−K2
ψ+K1 (s)
.
4. VANISHING CONTACT INVARIANTS
Proof of Theorem 1.1. It follows from ν+(L2) = ν
+(L2) = 0 and (1.1) that τ(L2) = 0. We
claim that it suffices to consider the case where the Thurston-Bennequin invariant tb(L2) =
−1. Otherwise, tb(L2)must be strictly less than−1 by the inequality tb(L2)+ |rot(L2)| ≤
2τ(L2)−1 = −1 ([29, Theorem 1]), thus violating the condition of (2.4). This then implies
the triviality of the contact invariant by our discussion near the end of Section 2.
We first treat the case where L2 is a Legendrian unknot. We try to determine the con-
tact invariant c(S3Λ(L), ξL) ∈ ĤF (−S
3
Λ(L)) = ĤF (S
3
−Λ(L)). Note that c(S
3, ξstd) is the
unique generator of ĤF (S3) ∼= F. Hence by (2.3), c(S3Λ(L), ξL) is the image of the gen-
erator under the cobordism map F−W : ĤF (S
3) → ĤF (S3−Λ(L)), so c(S
3
Λ(L), ξL) = 0 is
equivalent to F−W being the zero map.
We resort to [19, Theorem 14.3] to understand this map, which identifies F−W with the
induced map of the inclusion∏
s∈H(L),[s]=u
Aˆ(H∅, ψL1∪L2(s)) →֒ (Cˆ, Dˆ, u).
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In order to prove that F−W vanishes, it suffices to show that for each s = (s1, s2) ∈ H(L),
cs1,s2 , the generator of ĤF (S
3) at the upper right corner of the square at the lattice point
(s1, s2), is a boundary in the E1 page of the spectral sequence (or equivalently, trivial in the
E2 page).
For the subsequent argument, we will still refer to Figure 6 for a schematic picture of the
E1 page of the spectral sequence, although we should point out that at present the surgery
is performed along the link L = L1 ∪ L2, L1 and L2 correspond toK1 andK2 in Figure 6,
respectively, and the topological surgery framing matrix is
−Λ =
(
−(tb(L1) + 1) −l
−l 0
)
.
As earlier, we use N to denote a sufficiently large integer. Since L2 is the unknot, the
homology group that was identified with ĤF (S3N(L2), s2 +
l
2
) at the lower right corner of
the square at each lattice point (s1, s2) is 1-dimensional. We denote the generator of the
homology group by b2s1,s2 . Clearly, we have:
(1) If s2 +
l
2
> 0, then φ+L2
ψL1 (s)
is an isomorphism, and φ−L2
ψL1 (s)
is the trivial map. So
∂1b
2
s1,s2
= cs1,s2.
(2) If s2 +
l
2
< 0, then φ+L2
ψL1 (s)
is the trivial map, and φ−L2
ψL1 (s)
is an isomorphism. So
∂1b
2
s1+l,s2
= cs1,s2.
(3) If s2 +
l
2
= 0, then both φ+L2
ψL1 (s)
and φ−L2
ψL1 (s)
are isomorphisms. So
∂1b
2
s1,−
l
2
= cs1,− l2
+ cs1−l,− l2
.
On the other hand, we understand the general properties of the maps φ±L1
ψL2 (s)
well when s1 is
sufficiently large: In that case, the homology group ĤF (S3N(L1), s1 +
l
2
) ∼= F, and φ+L1
ψL2 (s)
is an isomorphism while φ−L1
ψL2 (s)
is the trivial map [27]. Thus, if we denote the generator
of the homology group at the upper left corner of the square at the lattice point (s1,−
l
2
) by
b1
s1,−
l
2
, then
(4.7) ∂1b
1
s1,−
l
2
= cs1,− l2
, when s1 ≫ 0.
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Let us put them together. When s2 6= −
l
2
, we can immediately see from Claims (1) and (2)
that cs1,s2 lies in the image of ∂1. When s2 = −
l
2
, we can use Claim (3) and (4.7) to find an
explicit element b such that ∂1(b) = cs1,− l2
under the assumption that the linking number l
is nonzero. More precisely, one can check that
∂1(b
2
s1+l,−
l
2
+ b2
s1+2l,−
l
2
+ · · ·+ b2
s1+nl,−
l
2
+ b1
s1+nl,−
l
2
) = cs1,− l2
for n large enough and l > 0; and
∂1(b
2
s1,−
l
2
+ b2
s1−l,−
l
2
+ · · ·+ b2
s1−nl,−
l
2
+ b1
s1−(n+1)l,−
l
2
) = cs1,− l2
for n large enough and l < 0. In either case, this proves that cs1,s2 lies in the image of ∂1 for
each s = (s1, s2), thus implying the theorem for the special case when L2 is a Legendrian
unknot.
More generally, since L2 satisfies ν
+(L2) = ν
+(L2) = 0, we apply (1.1) and conclude
that CFK∞(L2) is filtered chain homotopy equivalent to CFK
∞(U)⊕A for some acyclic
complex A. Then, the above argument for the unknot case nearly extends verbatim to the
general case, except that the homology group ĤF (S3N(L2), s2 +
l
2
) may not necessarily be
1-dimensional. Nevertheless, we noticed that only the existence of the elements b2s1,s2 that
satisfy Claims (1), (2) and (3) was really needed for the above proof. This can be attained
in our case by taking the generators b2s1,s2 from the CFK
∞(U) summand in the filtered
chain homotopy equivalent complex CFK∞(U)⊕A. The rest of the proof carries over for
the general case. 
Remark 4.1. Indeed, based on a slightly more involved diagram-chasing-type argument
like above, one can show that in general cases there exists s = (s1, s2) ∈ H(L) such that
cs1,s2 is nontrivial in the E2 page if and only if τ(Li) = ν(Li) and τ(Li) = ν(Li) − 1 for
i = 1, 2, under the assumption that the linking number is nonzero and tb(Li) = 2τ(Li)−1.
A better understanding of the higher differential ∂2 in the E2 page of the spectral sequence
may lead to nonvanishing results of contact invariant.
As a corollary, we show that contact 1
n
-surgery on ♯k(S1 × S2, ξt) along a homologically
essential Legendrian knot L yields a contact 3-manifold with vanishing contact invariant
for any positive integer n, as claimed in Corollary 1.4.
Proof of Corollary 1.4. The contact 3-manifold ♯k(S1 × S2, ξt) can be obtained by contact
(+1)-surgery on (S3, ξstd) along a Legendrian k-component unlink L0. There exists a Leg-
endrian knot L˜ in (S3, ξstd) which becomes the Legendrian knot L in ♯
k(S1 × S2, ξt) after
the contact (+1)-surgery along L0. To find such an L˜, it suffices to perform Legendrian
surgery on ♯k(S1×S2, ξt) along a Legendrian k-component link, each component of which
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lies in a summand (S1 × S2, ξt) and is disjoint from L, so that the result is (S
3, ξstd). Then
the image of L in (S3, ξstd) is the desired L˜.
Note that contact 1
n
-surgery on ♯k(S1×S2, ξt) along L is equivalent to contact (+1)-surgery
on ♯k(S1 × S2, ξt) along n Legendrian push-offs of L for any positive integer n. There-
fore, contact 1
n
-surgery on ♯k(S1×S2, ξt) along L is equivalent to contact (+1)-surgery on
(S3, ξstd) along a Legendrian (k + n)-component link L
′, which is the union of the afore-
mentioned Legendrian k-component unlink L0 and n Legendrian push-offs of the Legen-
drian knot L˜. See Figure 7 for an example.
+1+1
+1
+1
L˜
FIGURE 7. Contact 1
2
-surgery on ♯2(S1 × S2, ξt) along a Legendrian knot
L is equivalent to contact (+1)-surgery on (S3, ξstd) along a Legendrian
4-component link.
If L is not null-homologous in ♯k(S1 × S2), then the linking number of L˜ and one com-
ponent of L0 is nonzero. By Theorem 1.1, contact (+1)-surgery along the Legendrian
two-component sublink of L′ formed by L˜ and that component of L0 yields a contact 3-
manifold with vanishing contact invariant. Hence, it follows from (2.2) that contact (+1)-
surgery along the Legendrian (k + n)-component link L′ yields a contact 3-manifold with
vanishing contact invariant as well. This finishes the proof of the corollary. 
5. CONTACT (+1)-SURGERIES ALONG LEGENDRIAN WHITEHEAD LINKS
In Figure 8, we draw a Legendrian two-component link in (S3, ξstd) with each component
having Thurston-Bennequin invariant −1. Denote the topological link types of this link
and the mirror of it byWh andWh, respectively. A link in S3 is called aWhitehead link if
it is of typeWh orWh.
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+1
+1
FIGURE 8. A Legendrian Whitehead link with each component having
Thurston-Bennequin invariant −1. The underlying topological type of this
link isWh.
Proof of Proposition 1.5. First, we consider contact (+1)-surgery on (S3, ξstd) along a Leg-
endrian representative L of typeWh. According to [5, Section 5.6], the sum of Thurston-
Bennequin invariants of the two components of L does not exceed −5. Consequently, the
Thurston-Bennequin invariant of one of the components of L must be strictly less than
−1. By O¨zbag˘ci [21, Theorem 3], contact (+1)-surgery along a Legendrian unknot with
Thurston-Bennequin invariant less than−1 yields an overtwisted contact 3-manifold. Sub-
sequently, the main result of Wand [31] implies that contact (+1)-surgery along L yields
an overtwisted contact 3-manifold, and must have vanishing contact invariant.
Now let L = L1 ∪ L2 be a Legendrian Whitehead link of type Wh. We only need to
consider the case where both L1 and L2 have Thurston-Bennequin invariant−1. The result
of contact (+1)-surgery along L is denoted by (S3
0
(L), ξL), where
0 =
(
0 0
0 0
)
is the topological surgery framing matrix. We need to show that the contact invariant
c(S3
0
(L), ξL) vanishes.
Note that L = L1 ∪ L2 and −S
3
0
(L) = S3
0
(L). Contact (+1)-surgery along the Legendrian
unknot L2 yields the unique tight contact structure ξt on S
1×S2. The subsequent 2-handle
addition along L1 yields S
3
0
(L), and induces a homomorphism
F1 : ĤF (−S
1 × S2) −→ ĤF (−S3
0
(L))
that sends the nontrivial contact invariant c(S1 × S2, ξt) to c(S
3
0
(L), ξL).
Recall that
ĤF (−S1 × S2) ∼= ĤF (S1 × S2) ∼= F(− 1
2
) ⊕ F( 1
2
),
where the subscripts denote the absolute gradings, and the contact invariant c(S1 × S2, ξt)
is supported in degree −1
2
. According to [18, Proposition 6.9],
ĤF (S3
0
(L)) = ĤF (S3
0
(L), (0, 0)) ∼= F(0) ⊕ F(0) ⊕ F(−1) ⊕ F(−1),
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where (0, 0) denotes the torsion Spinc structure on S3
0
(L). So
ĤF (−S3
0
(L)) ∼= F(0) ⊕ F(0) ⊕ F(1) ⊕ F(1).
Since L1 is null-homologous in S
1 × S2, the homomorphism F1 shifts the absolute degree
by −1
2
[23, Lemma 3.1]. As c(S3
0
(L), ξL) = F1(c(S
1 × S2, ξt)) and there are no nonzero
elements in ĤF (−S3
0
(L)) supported in grading −1, we conclude that c(S3
0
(L), ξL) = 0.
This finishes the proof. 
Remark 5.1. Indeed, Theorem 1.6 implies that contact (+1)-surgery along the Legendrian
Whitehead link shown in Figure 8 yields an overtwisted contact 3-manifold. On the other
hand, it is still unknown to date whether all Legendrian Whitehead links with each compo-
nent having Thurston-Bennequin invariant −1 are Legendrian isotopic or not. Hence, the
obvious argument cannot be applied here to conclude that any contact 3-manifold obtained
by contact (+1)-surgery along a Legendrian Whitehead link is overtwisted.
6. CONTACT (+1)-SURGERIES YIELDING OVERTWISTED CONTACT 3-MANIFOLDS
Proof of Theorem 1.6. We prove Theorem 1.6 only in the case that the front projection
contains the configuration in Figure 4(a). The same proof works for all other cases.
We construct a Legendrian knot L′ in (S3, ξstd) such that it can be divided into four seg-
ments L′1, L
′
2, L
′
3 and L
′
4. Two segments, L
′
3 and L
′
4, are contained in the dashed box in
Figure 9. For the other two segments, L′1 is the downward Legendrian push-off of the part
of L1 outside the dashed box, and L
′
2 is the upward Legendrian push-off of the part of L2
outside the dashed box.
There is a thrice-punctured sphere S whose boundary consists of L1, L2 and L
′. See Fig-
ure 9. We orient L1, L2 and L
′ as the boundary of S. Part of S is contained in the dashed
box in Figure 9. The part of S outside the dashed box consists of two bands. For brevity,
we call the part of a knot in (resp. outside) the dashed box the inside part (resp. outside
part) of the knot.
We compute the Thurston-Bennequin invariant of L′.
Lemma 6.1. tb(L′) = tb(L1)+ tb(L2)+ 2(l+1), where l is the linking number lk(L1, L2)
of L1 and L2.
Proof. For the Legendrian knot L′, the Thurston-Bennequin invariant
(6.8) tb(L′) = w(L′)−
1
2
c(L′),
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L2
L1
L′
+1
+1
FIGURE 9. An example of a contact (+1)-surgery diagram which satis-
fies the assumption of Theorem 1.6. The shaded area is a thrice-punctured
sphere. The thin knot is L′. The two segments of L′ contained in the dashed
box, L′3 and L
′
4, have no cusps and one cusp, respectively.
where w(L′) and c(L′) denote the writhe and the number of cusps of (the front projection
of) L′, respectively. Self-crossings of L′ consists of self-crossings of L′1, self-crossings of
L′2 and crossings of L
′
1 and L
′
2. For i = 1, 2, self-crossings of L
′
i contributew(Li) to w(L
′).
The crossings of L′1 and L
′
2 contribute 2(l + 1) to w(L
′). This can be seen as follows.
The two crossings of L1 and L2 inside the dashed box contribute −1 to lk(L1, L2). So the
crossings of L1 and L2 outside the dashed box contribute l + 1 to lk(L1, L2). Recall that
L′i is a Legendrian push-off of the outside part of Li for i = 1, 2. Each crossing of L
′
1 and
L′2 is induced by a crossing of the outside parts of L1 and L2. See Figure 10 for all possible
configurations of L′ near a crossing of the outside parts of L1 and L2. A crossing of the
outside parts of L1 and L2 and the nearby crossing of L
′
1 and L
′
2 have the same sign. So the
number of crossings of L′1 and L
′
2, counted with sign, equals that of the outside parts of L1
and L2, counted with sign, which is 2(l + 1). Hence we have
(6.9) w(L′) = w(L1) + w(L2) + 2(l + 1).
As L′ and L1 ∪ L2 have the same number of cusps,
(6.10) c(L′) = c(L1) + c(L2).
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The lemma follows from (6.8), (6.9) and (6.10). 
L2
L1 L1
L2
L1
L2
L1
L2
−1−1
+1+1 +1 +1
−1 −1
FIGURE 10. Four possible configurations of L′ near a crossing of the out-
side parts of L1 and L2. The thin arcs are parts of L
′.
We compute the framings of L1, L2 and L
′ induced by S.
Lemma 6.2. (1) For i = 1, 2, the framing of Li induced by S is tb(Li) + 1 with respect to
the Seifert surface framing of Li.
(2) The framing of L′ induced by S is tb(L1) + tb(L2) + 2(l+1) with respect to the Seifert
surface framing of L′; that is, the framing of L′ induced by S coincides with the contact
framing of L′.
Proof. (1) For i = 1, 2, the framing of Li induced by S, with respect to the Seifert surface
framing of Li, is the linking number of Li and its push-off in the interior of S. Note that the
push-off of the outside part of Li in the interior of S is isotopic to a Legendrian push-off of
the outside part of Li. So it is easy to know that the framing of Li induced by S is tb(Li)+1
with respect to the Seifert surface framing of Li.
(2) The framing of L′ induced by S, with respect to the Seifert surface framing of L′,
is the linking number lk(L′, L′0), where L
′
0 is a push-off of L
′ in the interior of S. We
compute lk(L′, L′0) as the number of crossings where L
′
0 crosses under L
′, counted with
sign. A similar argument as in the proof of Lemma 6.1 shows that the outside parts of L′
and L′0 contribute tb(L1) + tb(L2) + 2(l + 1) to lk(L
′, L′0). It is easy to see that the inside
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parts of L′ and L′0 contribute 0 to lk(L
′, L′0). Hence the framing of L
′ induced by S is
tb(L1)+ tb(L2)+2(l+1) with respect to the Seifert surface framing of L
′. By Lemma 6.1,
this framing coincides with the contact framing of L′. 
By Lemma 6.2 (1), after we perform contact (+1)-surgery along the Legendrian link L, S
caps off to a disk D with boundary L′. According to Lemma 6.2 (2), the contact framing
of L′ equals the framing of L′ induced by the disk D. Hence D is an overtwisted disk and
the contact 3-manifold after contact (+1)-surgery is overtwisted. 
Example 6.3. Contact (+1)-surgery along the Legendrian link in Figure 1 yields an over-
twisted contact 3-manifold. This is because the dashed box in Figure 11 contains the con-
figuration in Figure 4(c).
+1
+1
FIGURE 11. A configuration in the dashed box.
We can transform the four configurations in Figure 4 to that in Figure 12 through Legen-
drian Reidemeister moves. So we have the following corollary.
Corollary 6.4. Suppose there exists a front projection of a Legendrian two-component
link L = L1 ∪ L2 in the standard contact 3-sphere (S
3, ξstd) that contains one of the
configurations exhibited in Figure 12, then contact (+1)-surgery on (S3, ξstd) along L
yields an overtwisted contact 3-manifold.
Proof. We can transform the configuration in Figure 4(a) to the configuration in Figure 12(a)
through Legendrian Reidemeister moves and an isotopy demonstrated in Figure 13. The
other cases are similar. 
Example 6.5. In Figure 14, L′1 and L
′
2 are parts of L1 and L2, respectively. We claim that
contact (+1)-surgery along the Legendrian link L1 ∪ L2 in the left of Figure 14 yields an
overtwisted contact 3-manifold. This is because we can transform the Legendrian link in
the left of Figure 14 to that in the right of Figure 14 which contains the configuration in
Figure 12(a) through Legendrian Reidemeister moves.
Consequently, contact (+1)-surgery along the Legendrian link in Figure 2 yields an over-
twisted contact 3-manifold.
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L1
L2
(a)
L1
L2
(b)
L2
L1
(c)
L2
L1
(d)
FIGURE 12. Four configurations in a front projection of a Legendrian two-
component link L.
L1
L2
L1
L2
L1
L2
L1
L2
L1
L2
L1
L2
FIGURE 13. A Legendrian isotopy. The first four arrows are Legendrian
Reidemeister moves. The last arrow is an isotopy.
L′1
L′2
L′1
L′2
L′1
L′2
+1 +1 +1 +1 +1 +1
FIGURE 14. An example of a contact (+1)-surgery yielding an overtwisted
contact 3-manifold. The arrows are Legendrian Reidemeister moves.
We conclude this section with an example whose tightness is still unclear. It is interesting in
the sense that they provide potential candidates for tight contact 3-manifolds with vanishing
contact invariant obtained from (+1)-surgery along Legendrian links.
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Example 6.6. In Figure 15, we consider contact (+1)-surgeries along the following Legen-
drian links: The first link consists of a Legendrian 946 with Thurston-Bennequin invariant
−1 and rotation number 0, and its Legendrian pushoff. The second link is constructed by
performing a Legendrian connected sum of the upper component of the first link with the
Legendrian right handed trefoil with Thurston-Bennequin invariant 1.
+1
+1
+1
+1
FIGURE 15. The first link consists of a Legendrian 946 with Thurston-
Bennequin invariant −1 and rotation number 0 and its Legendrian pushoff;
the second link is obtained from the first link by a Legendrian connected
sum with a Legendrian right handed trefoil.
Although contact (+1)-surgery along each knot component of the depicted links has non-
vanishing contact invariant, contact (+1)-surgeries along both links result in contact 3-
manifolds with vanishing contact invariants. This follows readily from Theorem 1.1. In
fact, contact (+1)-surgery along the first link is contactomorphic to contact 1
2
-surgery along
946, which is also known to have vanishing contact invariant from Mark-Tosun [20, Theo-
rem 1.2].
On the other hand, we have not been able to determine whether the above contact 3-
manifolds are overtwisted or not using the techniques in this section.
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